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1 Problem formulation

This chapter considers the following unconstrained convex problem

min  f(x) (1)

zERC

where f(z) is a differentiable convex objective function.

Notation. We introduce the following notations:
e Let z* := argmin,cga{f(z)} be the optimal solution to problem ().

e Let f* := min,cpe{f(x)} be the optimal function value.

2 Polyak’s momentum gradient descent

2.1 Polyak’s algorithm

Gradient descent with Polyak’s momentum (or heavy-ball) method iterates as follows:

zp = Tp—1 — YV f(Tr-1) + B(Tr—1 — Tp—2), (2)

where v > 0 is the learning rate (or step-size), and § € (0,1) is the momentum parameter.



2.2 Convergence analysis of Polyak’s method

Theorem 2.1 (Convergence rate of Polyak’s momentum method in quadratic sce-
L 0

nario). Let f(z) = %xTAx, where z € R?, A = <0 ) with L > p > 0, if
I

y=1/L and 8 = L/(vVL + V)%, the Polyak’s momentum method (with initializa-

tion x_1 = x() converges as

k
k2 < (L, p) (1 - Vliﬁ/ﬁ) lzollz, k=1,2,---, (3)

where ¢(L, ) < 400 is a positive constant that only depends on L and pu.

Proof. Denote yy, := (x), 2] )T, the Polyak’s iteration in (2)) can be rewritten as

Yk+1 = Bykv (4)
where
1+8—~L 0 -8 0
B 0 1+8—qu 0 =B
1 0 0 0
0 1 0 0
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it holds that P = P~! = PT and

When (1 —v/B)%/p < v < (1++/B)?/L, both By and B, have a pair of conjugate complex
eigenvalues with magnitude /3. Consider the eigen decomposition as follows:

By = PIAPY, By = PyAyPyt,

where

P = A1 A1 A = A1 O Py Ao1 a2 Ay A1 O ’
1 1 0 A2 1 1 0 oo



and

(1+B—~L) i\ /48 — (1 + B — vL)2

A1j - 2 5 j = 1a25
1 — +4./48 — (1 - 2
Aoy = (LB =) Z\/2B Q- .,
Denote
P00
z = P )
k < 0 P21> Yk
—_—
p-1
then can be rewritten as
z _ (A0 z
k+1 = 0 Ay k-
—_——

Note that |>\11| = |>\12| = |A21‘ = ‘)\22| = \/B, we obtain ||Zk||2 S 6k/2H2’0”27 which implies

lzxll2 <llyellz = IPP2ill2 = || Pzll2 < 1Pll2ll2kll2 < [|P]l28/%]|20]|2
=[|P||28*2|(P) "' P yoll2 < | Pl|2B* 2| P72 P~ yoll2
=[|P||2B8*/2| P~ [|2(V2]|zo|2)-

It can be verified that

IP|I3 =1+ B+ /(1 - B)?+max{|1+ B —~L[,[1+ B — vu}2,

1P —max ] LT BTV (453D 146+ (-5 +([1+5 )
? 48— (1+ B — L) ’ 45— (1+ 8 —yp)?

Specifically, if we set the parameters as

=y v=1
S

there exists positive constant ¢(L, 1) < 400 such that
k
Hmmgdum<r—ﬂﬁim>nmm,k:Lzm.
O

s — _ _E
Remark. When the condition number x := L/u > 1, the term 1 it can be

approximated by 1 — ﬁ



3 Nesterov’s momentum gradient descent

3.1 Nesterov’s algorithm

Gradient descent with Nesterov’s momentum (or Nesterov’s accelerated gradient) method

iterates as follows:

Yp—1 =Tp—1 + B(Th—1 — Tr—2), (5)
Tk =Yr—1 — ’)’Vf(yk—l), (6)

where v > 0 is the learning rate (or step-size), and § € (0,1) is the momentum parameter.

Remark. Although we do not specify subscripts for v and (3, they do not have to be

fixed as constants and may depend on the step k.

3.2 Convergence analysis of Nesterov’s method

Theorem 3.1 (Convergence rate of Nesterov’s momentum method in generally—
convex scenario). Suppose f : R? — R is convex and L-smooth. If v = 1 /L and
we specify 8 = (k —2)/(k + 1) in (), the Nesterov’s momentum method (with

initialization x_; = x() converges as

2Lz — =3

(k+1)2 (™)

flzr) — 7 <

Proof. Defining 6, = 2/(k + 1), vo = zo, the update rule of Nesterov’s momentum method

can be rewritten as

Yr—1 =1 — Ox)zr—1 + Opvg_1,
1
Tk =Yk—1 — fvf(yk—l),
1

Vi =Tp—1 + ?(xk — xk_l).
k

By L-smooth property, we have

Fle) 1)+ (9 F )i~ veor) + 2l — w3

L
=f(ye-1) = 5 llew = yk-1]3- (8)
By convex property, we have for any = € R¢ that

Fyr-1) — f(2) <(VF(Yk-1), Y1 — @)

=L{yp—1 — T, Yp—1 — T)

L
=5 (v = 2xll3 + lys—1 = 2ll3 = llzx — 2[13) - (9)



Combining @, we obtain

2|

flar) = f@) < 5 (lye-1 = zll3 = low —z]3), Yz eR™ (10)

Consequently,

flae) = = (1= 0k)(f(wg-1) — f7)

=f(zr) — (1 —6k) f(xp—1) — Ouf™
<f(zr) = f((1 = Ok)p—1 + Op2™)
110]
g (lyr—1 — (1 = Op)wp—1 — O™ |5 — [|lox — (1 — Op) w1 — Op™|3)
Lel% * |12 * |12
=" ([log—1 — 2*[13 = llow — 2*|3) - (11)

By rearranging we obtain

1-—0,

1 1 1
(flae) = F) + 5llve = 27115 <= (Fan-1) = ) + 5 lloe— — 273, VE =1,
2 L6? 2

I
oy o L 2
S@(f(xk—l) - f)+ i‘lvk—l —z*||3, VEk>2.
(12)
implies that
@) = 1)+ gl = a8 <7 () = 1)+ 5llon — o B
Lozt 21"k 2 =Tz gVt 2
1—91 . 1 N
STQ%(f(ﬂﬂo) — )+ 3l -2 12
1
=5llzo —2*[3,
which further implies
Flon) — < PR g = 2ol 2l _ (L
k < = 7o 2 CESIE 3 )
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Theorem 3.2 (Convergence rate of Nesterov’s momentum method in strongly-con-
vex scenario). Suppose f : R? — R is p-strongly convex and L-smooth. If v = 1/L
and 8 = (VL — Vi)/ (VL + V/1t), the Nesterov’s momentum method (with initializa-

tion z_1 = xg) converges as

fla) - < (1- %)k (#wo) = £* + Lo — 2*13) (13)

Proof. It can be verified that when choosing v = 1/L and 8 = (VL — /i)/(VL + VA),



Nesterov’s momentum method is equivalent to the following update rules:

_ VL VR
Yk—1 _\/Z+\/ﬁ k-1t \/E+\/ﬁ k—1, (14)
Tk =Yg—1 — %Vf(ymﬂ, (15)
(v VL Vi VL
v = ( \/Z> Vgp—1 + ka + (f f) (16)

with initialization vy = xg. By the new update rules, we have
lok — ™13

B H (1 - \\/f%) (V-1 =) + :/f%(ykl —a’) - ﬁvf(yk—l) )

(A o VA . Vi Vi
~(1- ﬁ) Joss = 21+ Yelos =218 = (1= Y2) o~ el

2 VY, VR
IV ) = 2 (e, (1= Y o+ Yy o)

(1 ) ot = a1+ s = a1 = (1= Y2 ) Y oo — s

+ = IV -l - M%<Vf<yk_1>,ﬁyk_l—<$—1>xk_1—x*>. a7)
Rearranging we have

(0 (- )+ S

I R L SR/ ) TS /T o 2
o =18 = 5 (1= Y2) onor =18 = S s - 1 - 51V S0
p VIEY VI

t5 (1 - ﬁ) \ﬁ”vk—l — y-1l3- (18)

By L-smooth and p-strongly-convex property, we have

2

Pk <F) + (V). vk~ i) + o ek — a3
= Fhe) — IV F DI + 57 I )
=F ) — 57 IV Fn I3

<f(u) = (VF(yr—1),u—yr—1) — %HU e %||Vf(yk,1)||§, VueR? (19)

Consider (1 — /fi/VL) x (where u = x4_1) + (Vi/VL) x (where u = z*), we



o) = = (1= Y2 ) (ronn) - 1) = (o), (12 22 ) oo + P = )

VI VI VI
p VH BV 1
= (1= Y lons = el = SV — el - 519018
(1= 25 (tans) - 1)~ Bl =+ 2 (1= Y2 oo =21
5 (1= ) s - el - 5 (1= YE) hs -l 20)

Denoting @, = f(zx) — f* + 4llvk — 2|3, implies

Q) < <1 - {%) Pp—1,

and further

flar) — f* < @ < (1 - \‘/f%)k% = (1 - ﬁ)k (£@o) = £* + Sllwo — " 13)

4 Anderson’s acceleration method

Let g(z) = x — vV f(z) (v > 0), the fixed points of g are zero points of Vf. Anderson

acceleration method aims to minimize ||g(z) — x||2, which iterates as follows:

my =min{m, k}, (21)
Ry =(Tk,Th—1," ", Th—my ), Where r; = g(z;) — x;, (22)
ap = arg min | Rpal|2, (23)
aTl=1
mi
Tipr = Y afglan—), 29
m=0

with initialization 1 = g(x¢) and m an integer typically set between 1 and 10 in practice.

Proposition 4.1. If R;Rk is non-singular, the iteration step is equivalent to

(R; Rr)~ "1

=Wt - 25
T IT(R] Ry) 11 (25)

Convergence rate. Suppose [ is u-strongly convex and L-smooth, and assume |[|ag||1
be bounded by a constant M,, if we let v € (0,1/L], Anderson’s acceleration converges to
x* with averaged rate asymptotically the same order as that of GD’s. However, in practice,
Anderson’s acceleration can be even faster than Nesterov’s acceleration. Reasons behind the
clear gap between theoretical analysis and practical performance remains an open question.

We refer the specific convergence results to Theorem 1 of [I]



5 Optimal convergence rate

In this section we present the lower complexity bounds for first-order algorithms to solve
smooth convex objective functions. Compared with the convergence results of Nesterov’s

method, we come to the conclusion of the optimal convergence rates.

7~

Theorem 5.1 (Convergence lower bound in the generally-convex scenario). For any

first-order algorithm satisfying
T € T + Span{vf(mo)a Vf(m1)7 o 7Vf(xk71)}7

there always exists some convex and L-smooth function f such that

3Lz — 2*3

flag) — fF = 32(k + 1)2

Proof. We refer the proof to Theorem 2.1.7 in [2]. O

Theorem 5.2 (Convergence lower bound in the strongly-convex scenario). For any

first-order algorithm satisfying
xg € g +span{V f(zo), Vf(z1), -, Vf(zr_1)},

there always exists some p-strongly convex and L-smooth function f such that

k
flze) = f* > % (1 = %) |zo — z*|3. (27)

Proof. We refer the proof to Theorem 2.1.13 in [2]. O

Comparison of convergence complexity. We list the convergence complexity (num-

ber of iterations) for reaching an e-optimal solution such that f(xg) — f* <e:

Algorithm generally-convex | strongly-convex
A(L
GD 0 (L) O (Lm (L)
A L
Nesterov @) ( %) @) (\/gln (%))

Lower Bound

a(y/Em(b)

6 Simulation

In this section we examine GD (gradient descent), Nesterov’s and Polyak’s momentum

gradient descent algorithm with a quadratic objective function. Define f(z) :

where O, Q hides logarithm terms of L, .




where

it can be verified that f is 1-strongly convex and 20-smooth.

Figure 1| shows iteration points of each algorithm starting at point (10,1)" within 20

steps, where the step-sizes are chosen as 7 = 0.1 for GD and v = 0.05 for both momentum

methods, and the momentum parameter is set as § = ﬁ. For Anderson acceleration,

we set v = 0.05 and m = 5, which nearly achieves the optimal point within 3 iteration steps.
Figure [2 shows loss curves of the four methods within 200 steps.
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Figure 1: Iteration points

7 Exercises

1. Consider quadratic function f(z) := 1(z — 2*)Q(z — 2*), where @ = Q" and LI =
Q@ = pl. Prove that

(i) Nesterov iterations (5)(6) are equivalent to the following iterations:

xp = Axp_1,

T — T (1+8) —1Q) —BUI—-1Q)

where xy, := and A =

Tp—1 —I* I 0

(ii) If we choose 3 = g;ﬁ and v = 1, it holds that [|A[z > 1.

2. Prove the equivalence of iterations @ and .

3. Prove proposition [I.1] by considering the following constrained convex optimization

problem:

. 2 T
Hin §||Rka\|2, st.a' 1=1
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Figure 2: Loss curves
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