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1 Problem formulation

This chapter considers the following stochastic optimization problem

;Tel]iRI}l f(x) = E¢uplF(2;€)] (1)

where & ~ D denotes the random data sample and D denotes the data distribution. Since
D is typically unknown in machine learning, the closed-form of f(z) is also unknown.

Notation. We introduce the following notations:
e Let 2* := argmin,cga{f(z)} be the optimal solution to problem ().
e Let f* := min,cpa{f(x)} be the optimal function value.

o Let Fr = {@p—1,Yk—1,Vk—1,Ek—1," " ,Z0,Y0,V0,&} be the filtration containing all
historical variables at and before iteration k. Note that & does not belong to Fj.

2 Momentum stochastic gradient descent

In this section, we introduce the following stochastic gradient descent scheme with Nesterov’s

momentum:
yr =1 — ) zp—1 + Opvi—_1, (2)
T =Yr—1 — YVF (Yr-1; &), (3)
v =05 "y + (1 — 0, a1, (4)



where v is the learning rate, { ~ D is a random data sampled at iteration k, and 6 is
a parameter that controls the momentum acceleration. The initial state can be chosen at
y():UOZ.T()ERd.

3 Convergence analysis

We use the same assumption on stochastic gradient oracle as in chap 6:

Assumption 3.1. Given the filtration Fj, we assume

E[VF(yr-1;&) | Fr] =V f(yr-1), (5)
EIVF(ye-15&x) — VI (yr—1)l13 | Fi] <o>. (6)

We have the following convergence result in the generally-convex and smooth scenario.

Theorem 3.2. Suppose f(x) is L—smooth and convex, and Assumption holds.

If we choose 0}, = kl—s-l’ and 0 < v < 1/L, momentum SGD converges at the following

rate:
2LA, (K +2)(2K + 3)vp0?
E — 1< 7
where Ag = ||z — 2*||3. If we further let
1
T (K+1)(K+2)(2K+3)02 ’
(o )
momentum SGD converges as
QLAO 5A00’2

Elf(zx) — f*] <

(K +1)2 K+1 ®)

Proof. By iterations and the unbiasedness of stochastic gradient oracle , we
have

Efl|vx — 2*[13 | Fi]

E[07 r + (1= 03 Dan—y — 2|3 | Fi]
[
[

E[|0; 'yk—1 — Y05 'V F (yr—1; &) + (1 = 0 Daw—1 — 2*|3 | Fi]
EllJop—1 — 2* — 70, "V F (yr—1; &)113 | Fi]
=llvk—1 — 2" (13 = 296V (yh—1)s vh—1 — &%) + VOBV F (ye—1: €013 | Fals (9)

Applying @ to @D, we obtain

. . 2 2 2
Ef|lvk—a*[|3 | Fi] < [log—1—2 ||§*9*Z<Vf(yk—1),vk—1*w )+ 7] HVf(yk D3+ (10)
k



By taking the expectations over the filtration Fy, becomes

* 0 * 0 *
EUY S (gh)svr = 2] < = 5 Bl — 2 I) + 5 Ellon = " 15] + 5BV () 3]

2
~o
— 11
+ 2, (11)

By convexity and L-smoothness, we have
E[f(xk) | Fil
L
<E | f(ye—1) +{VF 1) = yo1) + 5 o = yall3 ‘ fk}
o, LY 2
=f(—1) =V -0z + —-ElIVE (15 €x)ll2 | Fil- (12)

Applying (6) and v < 1/L to (12), we obtain

L’)/20'2

Elf(@x) | Fil < Fger) = 5 IVF @) 3+ =5 (13)

By convexity, we have
fyk—1) <f(@e-1) = (Vf(Yk-1): Th—1 — Yr—1), (14)
fyr—1) <" = (Vf(yr-1), 2" = yp—1)- (15)

Consider —|—(1 — Gk)x—i—ﬁk X , we obtain

Elf(zk) = f* | Fr] <(1=0k)[f(xp—1) = f] = (Vf(yr-1), (1 = Op)zp—1 + O™ — Y1)

gl Ly*o®
— IVl + =

=(1 = 0)lf (wr1) = 1+ 0V F ) vimt — %) = LIV F () 3

L 2 2
07 (16)
2
By taking the expectations over the filtration Fj, and applying , we obtain
* * 01% * |12 01% *|12
Elf(ze) = 7] <A = O )E[f (zr—1) — f*] - ZE[IIW —z"|3) + ZE[”Uk—l — 2”3
y(1 + Ly)o?

) 17
: (17)

Apply the choice of 8, and let v = 79/L (where 0 < vy < 1) to , we obtain

2 _
Elf () — ]+ Ellos - %13 <2 VRl pe) - £+ Blloen, - )3
(k+1)*y50
2L2

Yo(k +1)?
2L

(18)



Summing up from k =1 to K, we obtain

. . K +1)(K +2)(2K + 3)y3o?
Elf(zx) — 1] < llao — o + L DI DR A IN007
2LJlzo —a*|I3 (K + 2)(2K + 3)700”
Yo(K +1)? 6L(K +1) ’

Yo (K +1)?
2L

=E[f(zx) = 7] <

which is equivalent to . If we further choose

-1

. \/(K+ DK +29)CK +3)0* )

12127,

the convergence rate of momentum SGD is given by

* 2LA(] (K + 2) (QK + 3)A00’2 2LAO 5A0O’2
E[f(xK)_f]<(I(+1)2+2\/ 3(K +1)3 S(K+1)2+VK+ ;o (19)

which is equivalent to . O

4 Convergence lower bound

In this section, we list the lower bound results under the generally-convex scenario.

Assumption 4.1. We consider algorithm class A of zero-respecting algorithms that,
initialized with zero points and, for any ¢ > 1 and 1 < k < d, the following conditions

are met:

1. If the algorithm queries the gradient oracle O at y; with [y:]x # 0, then there
exists some 1 < s < ¢ such that [O(ys;&s)]x # 0.

2. If the output model z; at time ¢ satisfies [z¢]x # 0, then there exists some
1 < s < ¢ such that [O(ys;&s)|x # 0.

Here, [z]; denotes the k-th entry of vector z, and O(x;&) denotes the output of

gradient oracle O given query point x and randomness &.

Remark. The zero-respecting properties can be generalized to another concept called linear
spanning, which requires 1) query points y; € span{yo,@f(yo), e ,ﬁf(yt_l)} and 2) the
output model x; € span{yo, @f(yo), e ,@f(yt_l)}, where Vf is the gradient oracle called
to approximate V f. It’s worth noting that the momentum SGD algorithm above, as well as

most existing first-order stochastic algorithms are linear spanning, and thus zero-respecting.

Based on the zero-respecting property, we provide the lower bound results following [1]:



Proposition 4.2. For any Ay > 0, there exists a constant ¢ = ©(1), convex and L-
smooth function f satisfying ||zg—2*||3 < Ay, stochastic gradient oracles O satisfying
Assumption [3:1] such that the output & of any A € A starting from z requires

0 <A00'2 + (LA0>2>
€ €

iterations to reach E[f(Z)] — f* < e for any 0 < € < cLA,.

5 Optimal convergence rates

Though we only give the convergence rate and lower bound of in the generally-convex
case, optimal rate of stochastic first-order methods under strongly-convex or non-convex
settings have already been constructed. Here we list the convergence complexity (number of
iterations) for reaching an e-optimal solution such that E[f(z) — f*] < € (in convex cases)

or E[||V£(zx)||3] < € (in non-convex cases),

Algorithm non-convex | generally-convex strongly-convex
SGD o(ff£+L)| o(z+%) |o(EmG+End)
momentum SGD | O (1’6"22 + %) o (‘:—22 + %) 6] (;‘Ti + %ln (%))
Lower Bound | © (L;f v L) ) (L ¥ \ﬁ) O (77 +/Em (g))

where O, Q hide logarithmic factors independent of e.
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